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ON THE SIZE OF ATTRACTORS IN 



SANDRINE DAURAT 



Resume. Soit / un endomorphisme holomorphe de P fe (C) possedant un ensemble attractif 
s# ' . Dans cet article, nous nous interessons a la"taille" de srf , au sens de la geometrie complexe 

#-/-\ . et de la theorie du pluripotentiel. Nous introduisons un cadre conceptuellement simple 

permettant d'obtenir des ensembles attractifs non algebriques. Nous prouvons qu'en ajoutant 
une condition de dimension, ces ensembles supportent un courant positif ferme avec un quasi- 

£NJ . potentiel borne (ce qui repond a une question de T.C. Dinh). lis sont done non pluripolaires. 

$_^ ' De plus, nous montrons que les exemples sont abondants dans P 2 . 

< 



Abstract. Let / be a holomorphic endomorphism of P (C) having an attracting set si '. In 
this paper, we address the question of the "size" of ,o/ in a pluripolar sense. We introduce a 
conceptually simple framework to have non-algebraic attracting sets. We prove that adding 
Xyy , a dimensional condition, these sets support a closed positive current with bounded quasi- 

^\ • potential (which answers a question from T.C. Dinh). Therefore, they are not pluripolar. 



Moreover, the examples are abundant on 



Introduction 



In this paper, we study the dynamics of holomorphic endomorphisms of the complex pro- 
jective space P (C). Denote P (C) by P from now on and let / be an endomorphism of 
P of algebraic degree d > 2. Such a map admits a unique invariant probability measure \i 
of maximal entropy klog(d), called the equilibrium measure. The most chaotic part of the 
dynamics is concentrated on supp(^x). We refer to [DiS] for an introduction to this theme 

Tj - ! of research. However, as opposed to dimension 1, chaotic dynamics can also occur outside 

supp(^x). A basic non trivial dynamical phenomenon outside supp(/z) is that of attracting sets 
and attractors. We refer to |FSUFWpJW|lR"llDi] for some properties and examples of attracting 
sets and attractors for endomorphisms of P and to [BDM] for a detailed study of a class of 
algebraic attractors. See also [Du2j for a basic structural description of the dynamics on the 

/\ , Julia set. 

It is quite easy to find algebraic attracting set and attractors. On P 1 , all attractors are 
algebraic. Let P, Q be homogeneous polynomials of degree d > 2 in C 2 with a single common 
zero (0,0), then the line at infinity {[z : w : t];t = 0} is an attracting set for / : [z : w : t] i— >■ 
[P(z,w) : Q(z,w) : t ] and it is an attractor if the Julia set of [z : w] H > [P(z, w) : Q(z, w)] 
is the whole Riemann sphere, see [FSJ. The first example of non algebraic attractor in P 2 
(resp. P , with k > 2) was found by M. Jonsson and B. Weickert (resp. F. Rong), see |JW] 
(resp. |RJ). So far, most previously known examples of non algebraic attracting sets are, in a 
sense, of codimension 1 and occur for maps of the form 

/ : [z : w : t] t-> [P(z, w) : Q(z, w) : t d + eR(z, w)], 

l 
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see [FS,JW,RJ. A precise notion of the dimension of an attracting set can easily be formalized, 
see Definition 11.31 below. 

T.C. Dinh [Dij constructed, under some mild assumptions, a natural positive closed current 
supported on the attracting set. This will be referred as the attracting current. J. Taflin [T] , 
under additional hypotheses, proved that this current is the unique positive closed current 
supported on the attracting set. It remains an interesting problem to understand the "size" 
of the attracting set in a potential theoretic sense. For instance, Dinh [Dij asks whether 
the quasi-potential of the attracting current is always unbounded. For the basic example 
f : [z : w : t] *-} [P(z,w) : Q(z,w) : t d ], the attracting set is the line {t = 0} thus it supports 
a unique positive closed current of bidegree (1,1) whose quasi-potential is unbounded. 

In this paper, we address this problem, by introducing the concept of a mapping of small 
topological degree on an attracting set (see Definition 12. 3[) . This notion was inspired by 
iteration theory of rational maps, see [DDG1-3]. The condition of being of small topological 
degree provides a conceptually simple framework to provide non algebraic attracting sets of 
any dimension (see Proposition 12. 5|) . 

In codimension 1, this condition implies that the attracting set is non pluripolar. For this 
we prove that it supports a positive closed current with bounded quasi-potential (see Theorem 
12. 7|) . This answers Dinh's question by the negative. On the other hand, the condition of small 
topological degree is not sufficient in higher codimension to assure that the attracting set is 
non pluripolar (see Theorem 14. 1|) . 

The examples of small topological maps on attracting sets are abundant. More precisely 
we prove the following theorem : 

Theorem 0.1. Denote by && the quasi-projective variety of triples (P,Q,R) of homogeneous 
polynomials of degree d in C 2 , such that (0,0) is the single common zero of P,Q. There 
exists a Zariski open set O C ^d such that if (P, Q,R) £ then for all e small enough, 
< |e| < e(P,Q,R), the endomorphism f ofF 2 defined by 

f :[z:w:t]*-> [P(z, w) : Q(z, w) : t d + eR(z, w)\ 

admits an attracting set £? on which f is of small topological degree. Moreover, si support a 
positive closed current r of bidegree (1, 1) which admits a bounded quasi-potential. 

Of course, this theorem cannot be true for every (P,Q,R) £ &&. For example, [z : w : 
t] i-)- [z 2 : w 2 : t 2 + ez 2 ] is not of small topological degree on an attracting set, even for e^O. 
Indeed, the attracting set is a line in this case. 

Denote by T the Green current of /, see |DiS| . With the notation of Theorem 10.11 we 
have that v = T A r is an invariant probability measure of maximal entropy supported in stf , 
see [Pi] , Under the conditions of Theorem l0.ll we infer that v puts no mass on pluripolar sets. 



A recent work of N. Fakhruddin [Fa] gives alternate arguments for some of the results in this 
paper : genericity of non algebraic attracting sets, existence of Zariski dense attracting sets 
of higher codimension. Notice that we do not use the same notion of genericity. Fakhruddin 
proves that the set of holomorphic endomorphisms of F k which have no non trivial invariant 
set (i.e. not of zero dimension or not F k ) contains a countable intersection of Zariski open 
sets. On the other hand, we work in a specific family J^ and construct a Zariski open set of 
examples there. We also observe that the set of endomorphisms in P 2 possessing an attracting 
set of small topological degree is open for the usual topology. 
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The outline of the paper is as follows. We start with some preliminaries. Then we introduce 
the notion of small topological degree on an attracting set. We show that it is a sufficient 
condition to have a non algebraic attracting set and under this hypothesis, in codimension 
one, the attracting set is non-pluripolar. 

Section 3 is devoted to the proof of Theorem IU.11 

In section 4, we will exhibit examples in P 3 of attracting sets of codimension 2. We will see, 
that the condition of small topological degree is not sufficient in higher codimension to assure 
that the attracting set is non pluripolar. Using Henon-like maps of small topological degree, 
we will exhibit the first explicit example of a Zariski dense attracting set of codimension 2. 

We finish with some remarks around Theorem lU.il and some open questions. 

1. Preliminaries 

1.1. Attracting sets and attractors. In this section we give some definitions and recall 
the framework of [Di]. 

Definition 1.1. A set &/ is called an attracting set if there exists an open set U such that 
f(U) <s U and &/ = D n >of n (U). We call such an open set U a trapping region. If moreover 
f is topologically mixing on stf then &/ is called an attractor. 

The following proposition is obvious. 

Proposition 1.2. Let £? be an attracting set. Then &/ is closed and f(s?) = &? ' ■ 

Definition 1.3. An attracting set in P is said to be of dimension k — m if it supports a 
positive closed current of bidimension (k — m,k — m) (i.e. of bidegree (m,m)) but none of 
bidimension (1,1) with I > k — m. 

Remark. 

• Equivalently, an attracting set ,e/ C ¥ k is said to be of dimension k — m if any (or 
one) trapping region of &/ supports a (smooth) positive closed current of bidimension 
(k — m,k — m) but none of bidimension (I, I) with I > k — m. 

• If &f is of dimension k — m then the Hausdorff dimension of stf is at least 2(k — m). 

The proof of the following elementary proposition is left to the reader. 

Proposition 1.4. If s^ is an algebraic attracting set of dimension k — m then Definition \l.S\ 
is equivalent to the classical definition of dimension for algebraic sets. 

Example 1.5. Let / be an endomorphism of P and let U be an open set such that f(U) d U. 
We assume that there exists two projective subspaces I and J of P fc of dimension m — 1 and 
k — m, 1 < m < k — 1, such that J C U and I D U = 0. Then s$ = |~| f n (U) is of dimension 
k — m. In fact, U supports the positive closed current [J] of bidimension (k — m,k — m) but 
does not support a positive closed current of bidimension (I, I) with I > k — m. Indeed, the 
support of any positive closed current T of bidimension (1, 1) with I > k — m intersects /. □ 

Before stating the main result of [Dij . we need some notation. Let n : P \ I — >■ J be the 
projection of center /. More precisely, letting I(x) be the projective space, of dimension to, 
containing I and passing through a point x G P \ I, then ir(x) is the unique intersection point 
between J and I(x). We consider the point tt(x) as the origin of the complex vector space 
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I(x) \ I ~ C m , where I is viewed as the hyperplane at infinity of I(x) ~ P m . In other words, 
P \ / is viewed as a vector bundle over J. If x G J, we have that 7r(x) = x. We suppose that 

(1) the open set U n I(x) in /(x) \ I ~ C m is star-shaped at x for every x £ J. 

If J is a point and J is a projective hyperplane, i.e. m = 1, the previous hypothesis is 
equivalent to the property that the open subset F k \ U is star-shaped at /. 

Theorem 1.6 (Dinh). Let f and U be as above. Let S be a positive closed (rn,m)-form 
of mass 1 with continuous coefficient and with compact support in U. Then the sequence 
( d fc-m {f n )*S) converges to a positive closed current r of mass 1, with support in sd = 
C\f n (U)- The current r does not depend on S. Moreover, it is woven, forward invariant 
(i.e. under , k _ m f*) and is extremal in the cone of invariant positive closed currents of bide- 
gree (m,m) with support in &/ . 

In the sequel we will refer to r as the attracting current of &/. 

1.2. Pluri-potential theory. Here we focus on the codimension 1 case. Let / be an endo- 
morphism of P fc and _£? be the normalised push forward operator, i.e. «£? = -m=ff*. 

Let T be a positive closed current of bidegree (1,1) of mass 1. There exists a quasi-psh 
function u, i.e. u is locally the difference of a plurisubharmonic function (psh for short) and 
a smooth function, such that T — cvfs = dd c u. We call such a function u a quasi-potential of 
T. 

A dsh function is the difference of two quasi-psh functions, see Appendix A. 4. of [DiSJ 
for properties of dsh functions and [De] for basics on psh function. Let R, S be two positive 
closed currents on P fc of bidegree (1,1) with the same mass then there exists a dsh function 
w such that R — S = dd c ui. 

Notation 1.7. Let S, R be positive closed currents of bidegree (1,1) with mass 1. We denote 
by us,r the unique dsh function such that S — R = dd c us,R and / pfc us,RU)p S = 0. 

Lemma 1.8. If(Si,Ri) converges, in the sense of currents, toward (S,R) then (w^^rJ con- 
verges, in sense of distributions, toward us,r- 

Proof. By compactness, us,ui FS depends continuously on S and us,r = us )U i FS ~ u R,ui FS ^ 

Lemma 1.9. Let R,S be as above, then u^ s ,j^r(x) = -^nf*u St R(x) = -^ J2 u s ,R{y). 

Proof. We just need to prove this locally in P fc . As / is finite, if V is a small enough open set 
there exists a psh function u, defined on U = f (V), such that Tvq = dd c u. 

Lemma 1.10. With the previous notation, v(x) = -^j J2 u {v) iS P s ^ on V an d (S^T) \y = 

f(y)=x 
ddV 

This is classical. We recall the proof for completeness. 

Proof. Up to taking a decreasing regularisation, we may assume that u is smooth. Denote by 
Cf the critical set of /. As f*dd c u = dd c f*u, we have that 

(2) uu{x) = y. <y) 

f{y)=x 
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on V \ f(Cf), because / is a submersion on U \Cf. Moreover, it is locally a biholomorphism 
so /*w is psh on V \ f(Cf). A locally bounded psh function on V \ f(Cf) admits a unique 
psh extension on V and for all x G V we have that f*u(x) = lim fgk-i f*u(x + r£) d£. Thus 

© is true for all x G V □ 

We now finish the proof of Lemma ll, 91 There exists two psh functions u, v on U such that 

R = dd c u and S = dd c w. So, on [/, we have that dd c (ti — v) = dd c (us,R), thus there exists a 

pluri-harmonic function h such that u + h — v = us,r- Then u + h and v are psh functions, so 

by using the preceding lemma we have that -j£=rf*R — jW=rf*S = dd c u^s,XR o n f(U), with 

ujfs,JfR{x) = ^t £ us,r(v). □ 

f{y)=x 

2. Mappings of small topological degree on an attracting set 

In this section, we introduce the notion of being of small topological degree on an attracting 
set in P , prove that such an attracting set is never algebraic and that, in codimension 1, it 
is non pluripolar. 

Definition 2.1. Let f be an endomorphism o/P of algebraic degree d and let U be a trapping 
region for an attracting set sd of dimension k — m. The endomorphism f is said to be of 
small topological degree on U if the number of preimages in U of any point belonging to f(U) 
is strictly less than d . The endomorphism f is said to be asymptotically of small 
topological degree on U if for all p G f(U) we have that lim (card(/~ n (p) Pi U)) < d k ~ m . 

Remark. The notion of being of small topological degree depends on the choice of U. We will 
encounter in Section [3] examples where / 3 is of small topological degree on f(U) but not on 
U. 

The proof of the following proposition is left to the reader. 

Proposition 2.2. The definition of asymptotic small topological degree does not depend on 
the choice of the trapping region. 

Moreover, if f is asymptotically of small topological degree then for each trapping region U 
there exists n > 1 such that f n is of small topological degree on U . 

Definition 2.3. We say that f is of small topological degree on an attracting set if f is 
asymptotically of small topological degree on some trapping region. 

Sometimes, we will abbreviate this into "attracting set of small topological degree". 

Proposition 2.4. The property of being of small topological degree on some attracting set is 
open in the set of endomorphisms of degree d. 

Proof. Let / be an endomorphism of P fc of small topological degree on some attracting set of 
dimension k—m and let U be a trapping region. Replacing / by an iterate we may assume that 
/ is of small topological degree on U. Then for each p G f(U), we have that c&rd(f~ 1 (p)nU) < 
d k ~ m . Let g be close to /, there exists an open set V such that g(V) <<= f(U) d V <§ U. Thus, 
the attracting set r\g n {V) is of dimension k — m. For each p G g(V) C U, g~ 1 (p) is close to 
f~ l (p) hence, if g is close enough to /, we have that card(g~ 1 (p) HV) < card(/ _1 (p) n U) < 
d k ~ m . Therefore, g is of small topological degree on V. □ 

Let us prove that such attracting sets are non algebraic. 
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Proposition 2.5. If a holomorphic endomorphism f o/P is of small topological degree on 
an attracting set si ' , then si is non algebraic. 

The proof relies on the following classical lemma. 

Lemma 2.6. Let f be an endomorphism of ¥ k and M C P fc be an invariant algebraic set 
(f(M) = M) of pure dimension k — m, 1 < m < k— 1. Then there exists n > 1 such that f n 
fixed all irreducible components of M and the topological degree of fl^ M is d n ^ k ~ m > . 

Proof. See [EEl Lemma 1.48]. □ 

Proof of Proposition \2.5\ Let k — m be the dimension of si and let U be a trapping region. Up 
to replacing / by an iterate, we may assume that / is of small topological degree on U. Assume 
that s/ is algebraic. By Proposition 11.41 s/ is of dimension k — m. Let M be the (finite) 
union of irreducible components of pure dimension k — m of si. Then f{M) = M, because 
f{si) = si and / does not contract any algebraic subvariety on an algebraic subvariety of 
lower dimension. Hence, by Lemma 12.6} / cannot be of small topological degree on M. □ 

We now proceed with the non pluripolarity (in codimension 1). The corresponding result 
in higher codimension fails (see below Theorem I4.1|) . 

Theorem 2.7. Let f be an holomorphic endomorphism of¥ k and let si be an attracting set 
of dimension k — 1. Assume f is of small topological degree on some trapping region U of si . 
Let T be a closed positive current of bidegree (1,1) of mass 1, with support in U , admitting 
a bounded quasi-potential. Then each cluster value of ( wl-i) if n )*T) has a bounded quasi- 
potential. In particular, si is non pluripolar. 

Moreover, under the assumptions of Theorem \l.bl the attracting current r has a bounded 
quasi-potential. 

The proof of this theorem is essentially contained in the following lemma. We recall that 
•& = ^w=rf*- We denote by dt the maximum number of preimages in U of a point in f(U) 
under /. 

Lemma 2.8. For every U' (s U, there exists a constant c > such that if S, R are positive 
closed currents of bidegree (1,1) with mass 1, supported in U and with bounded quasi-potentials 
then on U' we have that 

d t 

Ipj&fS.flHoo < -^Zt\\ U S,R\\oo + \\U5?R,R\\oo + C. 

Proof. As expected, the proof just consists in making precise the idea that since us,r is 
pluri- harmonic on U\U', we do not need to focus on preimages belonging to U \U'. 

Fix U' <s U such that in addition f(U) (s U' . As / is finite, we may choose for any p G f(U) 
a neighbourhood V p small enough such that each connected component of f~ 1 {V p ) contains 
a unique preimage of p. (Of course V p cannot be uniform with respect to p.) Denote by 
C q the connected component of f~ 1 (V p ) which contains q £ f^ 1 {p). We have that u^?s,R = 

^=rf*us,R + u^r^r and f*u s>R (x) = £ us,r(v). We denote by U 1>p = U qef -i( p)nU C q and 

f{y)=x 
by t/2,p = /~ 1 (^ / p) \ Ui tP . We can restrict more V p , so that U\ tP C U, f{U\ tP ) = V p and 
U2, P fl U' = 0, thus the number of preimages (with multiplicity) of a point of V p in U\ tP is 
fixed. Up to replacing U by U', we may assume that f(U) is covered by a finite number of 
such neighbourhoods V p . 
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Let x belonging to V p . We know that us,r(x) = jW=TJ2f(y)=x u s,R(y) is a dsh function 
such that J£(S — R) = dd c us,R- We define, vs,r, p by : for all x G V p 

vs,R, P i x ) = -Jk^T zZ u sMv)- 
ye(7i,p 

As supp(S — R) C U', us,r is pluri-harmonic outside U' thus dd^s^p = dd^g^ = J£{S — 
R) on F p and \\v S) r, p \\oc < 'J^t\\u s ,r\\oo- As dd c Uj ? s ,R = J^S-i? = &{S-R) + {&R-R) = 
dd c (vs,r, p + u^?r,r) on Vp, we just have to prove that on V p there exists c independent of S 1 , R 
such that ||u^>5 ijR - {v s ,r, p + usfK,fl)||<x> < c. 

We know that u%s,R ~ ( v s,R,p + ^^r,r) is pluri-harmonic on V p , hence reducing a little 
bit V p , if necessary, there exists c s ,r such that \\u# s ,R ~ (vs,R, P + «.Sffl,fl)||oo < c s ,r on 
Vp. Let us show that cs r is uniform with R and 5. Assume by contradiction that there 
exists a sequence (Si,Rt) such that \\u^Si,Ri ~ { v s t ,R t + «jz?.Rj,it i )||oc - ► °°- We can extract 
a converging subsequence, still denoted by (Si,Ri). Let (S,R) be its limit. By Lemma flTHl 
the sequence of pluri-harmonic functions [us£S l ,R l ~ ( v Si,Ri + u ^ > r 1 ,_rJ) converges, in sense 
of distributions, toward u^?s,R ~ { V S,R + u XR,r)i therefore the convergence is uniform (see 
corollary 3.1.4 in [H]). Thus (\\u^Si,Ri ~ (vSi,Ri + u&Ri,Ri)\\oo) is bounded because its limit 
||^ifS,i? — ( V S,R + xtjsfi?,je)| |oo is bounded, we have a contradiction. Therefore, there exists c\ 
independent of (S,R) such that \\u^>s,R — (vs,R + ^.Sf.R,n)||oo < c\ hence 

dt 

\\ujcs,r\\oo < -jj—[\\us,r\\oo + If^r,_r||oo + ci on Vp. 

Since /(£/") is covered by finitely many such V p , we infer that there exists C2 such that 
\\uj?s,r\\oo < ^t||«5,_r||oo + 1 1 Uj?R t R | |oo + c 2 on f(U). Finally, as u#s,R is pluri-harmonic 
outside f(U'), u^s,R is bounded by cu,u' on ^' \ f(U), we obtain that 

Ihj^SVRlloo < -ipj\\us,R\\oo + Ik^iJ.flHoo +C2 + C U;U > On [/'. 

For similar reasons as in the case of cs,r, we may assume that cuu 1 is independent of S, R. 
Therefore, the proof of the lemma is complete. □ 

Proof of Theorem II?, 71 Denote by u n the dsh function such that J£ n T — T = dd c u n and 
fu n ujp S = 0, i.e. u n = u-^ji Then u\ is bounded. By Lemma [278], with S = Jzf n T and 

R = T, we have 

iFn+llloo < -AZi\\ u n\\oo + ||«l||oo + C On U. 

It is classical that a sequence (x n ) satisfying < x n+ \ < ax n + c with < a < 1 is bounded. 
Therefore, each cluster value of (Ji? n T) has a bounded quasi-potential. If in addition, / 
satisfies ([T]) then («Sf n T) converges toward r, thus r has also a bounded quasi-potential. □ 

Remark. I do not know how to prove the continuity of the quasi-potential. A reason for this 
is that the proof does not yield the convergence of the sequence of potentials. Note that the 
same difficulty appears in Dinh's Theorem 11.61 
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3. A CLASS OF ATTRACTING SETS OF SMALL TOPOLOGICAL DEGREE IN P 2 

Let &d be the set of triples (P,Q,R) of homogeneous polynomials of degree d > 2 in C 2 , 
such that (0, 0) is the single common zero of P, Q. Clearly, J^ is a quasi-projective variety. 
In this section, we consider a particular class of endomorphisms of P 2 given by the formula 

(3) f:[z:w:t]-> [P{z, w) : Q(z, w):t d + eR(z, w)] 

where (P,Q,R) €. ^d- Attractors for mappings of this form were studied by J.E. Fornasss 
and N. Sibony in [FS] . as well as F. Rong [RJ. 

These endomorphisms preserve the pencil of lines passing through [0:0:1]. Such a line 
is determined by a point of the form [z : w : 0], thus we identify the line passing through 
[0:0:1] and [z : w : 0] with the point of the line at infinity [z : w : 0]. The dynamics on this 
pencil of lines is that of f^ : [z : w] — > [P(z,w) : Q(z,w)] on P . 

Theorem 3.1. There exists a Zariski open set Q C ^d such that if (P,Q,R) £ £1 then for 
small enough e, < |e| < e(P,Q,R), the endomorphism f o/P 2 defined by 

f :[z:w:t]*-> [P(z, w) : Q(z, w) : t d + eR(z, w)\ 

admits an attracting set srf of small topological degree. In particular, srf is non pluripolar. 
Moreover, f satisfies the condition of Theorem \1.6l and the attracting current r has a bounded 
quasi-potential. 

Remark. Since having an attracting set of small topological degree is an open condition, by 
perturbing in the set of all endomorphisms of P 2 , we obtain maps which do not preserve a 
pencil but also satisfy the conclusion of Theorem 13 .11 

The proof gives specific examples in any degree and we can arrange for / to be topologically 
mixing on &/, therefore we obtain the following : 

Proposition 3.2. There exists an attractor si C P 2 of small topological degree. 

We now proceed to the proof of Theorem 13.11 

Proof of theorem \S.l\ The proof will proceed in four steps. First we show that any / of the 
form ([2D admits an attracting set and satisfies the conditions of Theorem 11.61 Next we give 
a sufficient condition ensuring that f 3 is of small topological degree on some trapping region. 
The third step is to show that this condition is algebraic. Finally, we give examples in any 
degree, therefore showing that the condition is generically satisfied. 

Step 1 . The map / admits an attracting set and satisfies the conditions of Theorem 11.61 

As R is an homogeneous polynomial of degree d, there exists (3 > such that for all 
(z, w) G C 2 we have that \R(z,w)\ < /3max(|z|, \w\) d . Up to multiply s by /3 we may assume 
that (3 = 1. Denote by a = inf uxax(\P(z,w)\, \Q(z,w)\), as (0,0) is the single 

max(|z|,|uj|)=l 

common zero of P, Q, we have that a > 0. 

Let Up be the open set of [z : w : t] G P 2 such that |i| < /7max(|z|, \w\). Then we have 
\t d + sR(z,w)\ < (p d + e)msix(\z\,\w\) d < ^(p d + e) max(\P(z,w)\, \Q(z,w)\), by definition of 
a. To assume that f(U p ) (s U p , all we need is that ^{p d + e) < p. We choose £<1. We let 
the reader check that the choice 

(4) p = i- 

a 
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is convenient. 

Thus £/ = n ne ^f n (U p ) is an attracting set. Denote by h z:w \ the line passing through 
[0:0:1] and [z : w : 0] and by L^ the line at infinity. The line lr z:w i intersects U p into an 
open disc centered at [z : w : 0]. Thus, by taking I = {[0 : : 1]}, J = L^ and U = U p , f 
satisfies the hypothesis ([T]). 

Step 2. A sufficient condition for being of small topological degree. 

Throughout the end of the proof, by a line we mean a line passing through [0:0:1], unless 
for the line at infinity L^. 

Here we will introduce for (P, Q,R) £ &d subsets X and Y of L^ ~ P 1 and a condition on 
these sets insuring that for all e 7^ small enough / 3 is of small topological degree on f(U, 
where / is defined by ([3]), (see Proposition 13.31 and the comments that precede it). 

For maps of the form (J3J), a generic line has d preimages and a generic point has d 2 
preimages, with d in each line. We leave the reader check that the image of a disc in l\ z:w \ 
centered at [z : w : 0] is a disc in If^nz-.w]) centered at f([z : w : 0]). A line I having d 
preimages (with multiplicity), f(U p ) n I is made of at most d discs which might intersect. 



pii 




Figure 1 . An example of the intersection of a line with U p (large circle) and 
f(U p ) (small circle). Here / is of degree 3. 

If they are disjoint, the preimages of a point of f(U p ) C\l, which are in U p , are contained in a 
single line. Denote by A the set of lines I such that f(U p ) n I is made of d disjoint discs. Thus 
ii I € A, for each point p £ In f(U p ) there exists a unique line l-\ such that the preimages of 
p in Up are all in /_i. 



© 

I €A 






r l (i) 



Figure 2. The intersection of a line I £ A with U p and f(U p ), on the right, 
and the preimages of I and of a point in f(U p ) n I, on the left. 



The points [z : w : e * t] all have the same image and are either all in U p , or all outside 
U p . Therefore, for any line I and any point p £ I n f(U p ), if we fix a preimage l\ z - w ] of /, the 

point p has d preimages with multiplicity in the line h z:w u they are of the form [z : w : e~3~t]. 
Thus, p has or d preimages (with multiplicity) in l\ z:w \ n U p . To further reduce the number 
of preimages we must see if they are or not in f(U p ). 
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Denote by B_\ the set of lines l\ z:w \ such that for all \t\ < pm&x(\z 



z:w] 

unique k £ {0, ..,d — 1} such that [z : w : e 
whose preimages all of lie in B-\. 



ir 



there exists a 



2ikiT 
d 



t] £ f(U p ) and denote by B the set of lines 




HI) € B 



Figure 3. The intersection of the lines I and /(/) with U p and f(U p ), and, 
the preimages of a point in f(l) n f(U p ), when I G B-\. 



In this way, if I £ B and p £ lnf 2 (U p ), for any preimage £_i of /, p has only one preimage in 
l-iC\f(Up). If in addition I G Bfli4 then a point p £ lC\f(U p ) has a single preimage in f(U p ). 

We need to understand the complementary of A n -B. 



Denote by /r ai:wi i, ..,ir Zd . Wd i the preimages (with possible repetitions) of a line l\ z:w i. 

A sufficient condition for a line /u^i not to be in A is that there exists i 7^ j in {1, ..,d} 
such that /([zj : itij : 0]) = /([^- : Wj : 0]). Denote by X_i the set of lines i[ Zi:tUi ],Z[^. :iUj .] 
which satisfy this condition and let X = /(X_i). Therefore, l\ z:w i G X iff there exists i 7^ j 



in {1, ..,d} such that f(h z 



nu n 



f(l[z 



Uj ] n u p ) 




f-Hi)cx-i 



lex 



Figure 4. The problem that can occur when a line is in X. 



A point in f(U p ) is of the form [P(z,w) : Q(z,w) : t d + eR(z,w)] with \t\ < pmax.(\z\,\w\). 
A sufficient condition for a line l\ z:w ] not to be in B_\ is that there exists i,j £ {l,..,d} 
and k £ {l,..,d — 1} such that [P(zi,Wi) : Q(zi,Wi) : eR(zi,Wi)] = [P(zj,Wj) : Q(zj,Wj) : 
. Possibly i = j in which case this correspond to R(zi,Wi) = and necessarily, 



2ikiv , 

ee d R[z 



3' 



IV: 



as in l[ z:w ] n U p , there will be points in f(l[ z:w ]) that have d preimages in h z:w ] n f(U p ). Thus, 
two problems can occur (when i = j or not). Denote by F_2 the set of lines l[ Zi : Wi ],l\ z - :w ] 
which satisfy this condition and let Y-\ = j{Y-2) and Y = / 2 (Y"_2). 

By definition, we have that XUY C (AnB) c . Denote by f+([z : w]) = [P(z,w) : Q(z,w) : 
R(z,w)] andpn : (1,1') ^ I. As (1,1') £ X_i (resp. F_ 2 ) iff (I'J) G A_i (resp. Y_ 2 ), we will, 
sometimes, identify X_i, Y"_2 with pri(X_i),pri(y_2), particularly in the examples. 
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/ 




HI) G Y 



Figure 5. The two problems that can occur when a line is in Y . The black 
(resp. grey) points in I are the preimages of the black (resp. grey) point in 



We note for further reference that, by identifying l\ z:w i to [z : w] € P , X_i and Y_2 may 
be written formally as : 

fX_i = {(p,g) GP'x P 1 ^ / g,/+(p) = /+(g)} 

U {(p,p) € P 1 X P ;p is a critical point of /oo} 



(5) 



r_ 2 = {(p,q) e p 1 x p^z+Cp) # /+(g),/+ 2 (p) = /^ 2 (9),/oo(p) = /«,(<?)} 






U{0,p) e 

/(pri(X_i)) 
/ 2 (pri(K- 2 )). 



Cl N/ ipl. 



Rip) = 0} 



The next proposition is a sufficient condition to be of small topological degree on the 
attracting set .stf ' . Recall that A,B,X,Y are sets of lines passing through [0:0: 1], that we 
identify such a line with a point in L^ ~ P 1 and that the dynamics of the pencil of these 
lines is the same as that of /oo : [z : w] — ¥ [P(z,w) : Q(z,w)]. Note that X—i,Y-2,X,Y only 
depend on the choice of (P,Q,R) £ J^j n ot on e. 

Proposition 3.3. Denote by Z = XUY and 2? = (f£{Z))[\Z. If(P,Q,R) G J? d are such 
that 

(1) X and Y are disjoint 

(2) (f-^ST)) f\Z = $,or equivalent^ f~\Z) f] f£(Z) [\Z = % 

then for small enough e/0 there exists p such that / 3 is of small topological degree on f(U p ), 
with f define by ((21) ■ 

See Section [5.11 for a simplified version of these conditions. 



Proof of Proposition I °S. 31 For g as before, we fix p = 4^-, as in 0, so that f{U p ) <s U p . Denote 
by X r (resp. Y r , Z r , 3f r ) the r-neighbourhood of X (resp. Y,Z,3f) in !«,. We choose r 
small enough such that X r (resp. Y r , Z r , 2f r ) is the union of disjoint open discs centered at 
the points of X (resp. Y, Z, 3f) and such that we have that : 

• X r n Y r = 0, by hypothesis ©, 
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. f~\Z r ) n Z r C 3T, since (f^ l (Z)) [\Z = 2f, 
• and f'^ST) n Z r = 0, by hypothesis ©. 

Lemma 3.4. Fix p and r as above. Then i/e/0 is small enough, 

XUY = Z C (AnB) c C z r . 

Proof. Indeed, the first inclusion is due to the definition of X and Y. Regarding the second 
inclusion, recall that h Zi:wi ], ■■J[ Zd :w d } denoted the preimages (with possible repetitions) of a 
line l\ z:w ]- Through the end of the proof, for each % G {1, .., d}, we normalize (zi,uii) so that 

P(zi,Wi) = z and Q(zi,Wi) = w. 

The line h zxw \ is in A iff for i ^ j in {1, .., d} and U,tj such that [z% : Wi : ti], [zj : Wj : tj] G U p 
we have that tf + eR(zi,Wi) ^ tj + eR(zj,wj). By definition of U p , for this, it suffices that 

(6) \eR(zi,Wi) - sR(zj,Wj)\ > p d (m&x(\zi\,\wi\) + m&x(\zj\,\wj\)) d . 

The line l\ ziw \ is in B-\ iff for all i,j G {1, ..,d}, all ti,tj such that [zj : wi : ti], [zj : Wj : 

tj] G Up and all k G {1, ..,d — 1} we have that tf + eR(zi,Wi) / e~s~ (tj + eR(zj,Wj)). For 
this, it suffices that for each A; £ {1, .., d — 1} 

(7) \eR(zi,Wi) —e~3~eR(zj,Wj)\ > p (max(\zi\, \wi\) + max(|z,-|, \wj\)) d . 

By definition of X and Y, there exists i / j in {1, .., d} such that R(zi, Wj) — R(zj,wj) = 
iff l[z i :w i ]>l[z j :w j ] G ^_i ( iff *[*:«>] G - y ) and tnere exists hi e {l,--,4 and k G {l,..,d - 1} 
such that R(zi,Wj) - e^r R( Zj ,w j ) = iff ^: U ,.]J[^ :tUj .] G Y_ 2 (iff /(/^ :u ,j) G Y"). Since 
P 1 \ (/ -1 (X r ) U /~ 2 (Y r )) is compact and X_i C f^ l {X r ) and Y_ 2 C f^ 2 (Y r ), there exists 
7 > such that if l[ ZVWi ],l[ Zj:Wj ] $ f~ l {X r ) with i / j then 

\R(zi,Wi) - R(zj,Wj)\ > 7(max(|^|,|t0i|) + max(|z,-|, \wj\)) 
and i£ l[ Zi :wi]->hz-:w] $ / _2 (Y r ), (i,j can be equal here) then for each k G {l,..,d— 1} 

|i?(^,u;i) -e~3~i?(^j,t«j)| > 7(max(|z i |,|'Wj|) + max(\zj\,\wj\)) d . 

Since 7 is independent of p and e, p = 4— and d > 2, if e is small enough then £7 > p d , 
which implies that if l\ z:w ] ^ X r and i,j are distinct then 

(8) \eR(zi,Wi) - eR(zj,Wj)\ > p d (max(|zj|, |u^|) + max(\zj\, \wj\)) 
and if h z:w ] ^ / _1 (Y r ), (i,j can be equal here) then for all k G {1, ..,d — 1} 

(9) \eR(zi,Wi) - e~d~eR(zj,Wj)\ > p d (m&x(\zi\, \wi\) + max(|z,-|, \wj\)) d . 

If kz-.w] i X r then for all i,j, l[ z .; VH ],l[ Zj:W:j ] i f' 1 {X r ) with i ^ j, thus, from © and 

©, l[z:w] G -4- If ^[z:w] ^ /""^OH then for a11 h3, we nave that l W. W% ],\zy. W] \ $ 7~ 2 (Y r ), 

thus, from Q and ([9]), Zu :tu i G -B_i. Consequently, if Zu.^i ^ Y r , no preimage of l[ z:w ] is in 
/ _1 (Y r ), thus all preimages of l\ z:w ] are in -B_i, i.e. /u :to i G B. Therefore, if l\ z:w ] $ Z r then 
l[ Z ; W ]£AnB,i.e. (AnB) c C Z r . 

This finish the proof of the lemma. □ 
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To finish the proof of Proposition 13.31 we have to count the number of preimages of a point 
p G f 4 {U p ) under f 3 . Denote by it : P 2 \ {[0 : : 1]} — > L^ the projection defined by 
tt([z : w : t]) = [z : w]. 

A point in 7r _1 ((Z r ) c ) n f 2 (U p ) has one preimage in f(U p ). Moreover, the complementary 
of B is contained in Y r and the complementary of A is contained in X r . Since X r n Y r = 0, 
we infer that a point in ir~ 1 (Z r ) n f 2 (U p ) has at most d preimages in f(U p ). Thus, a point 
has at most d preimages under / in f(U p ). 

For the sake of simplicity, until the end of the proof, without precision by preimage we 
mean preimage in f(U p ). Pick a point p G f 4 (U p ). 

Case 1. If p ^ ■K^ 1 (Z r ) n f(U p ) then p G 7r _1 (A n B), so p has one preimage under / and 
card{f- 3 {p)nU p } <d 2 . 

Case 2. If p G n~ 1 (Z r ) n f(U p ) then p has at most d preimages under /. For each preimage 
of p we have two cases : 

Case 2.1. Either it is still in tt (Z r ) n f(U p ). Thus it has d preimages under / which are in 
Ti- l {2? r ) (because f~ l (Z r ) n Z r C 2f r ), but since f^-{3f r ) n Z r = 0, these preimages leave 
7r (Z r ) n f(U p ) and thus have only one preimage under /. It follows that this preimage of 
p has at most d preimages under f 2 . 

Case 2.2. Or it is outside 7r~ 1 (Z r ) n f(U p ), then it has one preimage. It follows that this 
preimage of p has at most d preimages under f 2 . 

Therefore, caid{f~ 3 (p) D f(U p )} < d 2 in all cases. Consequently, / 3 is of small topological 
degree on f(U p ). This concludes the proof of the Proposition. □ 

Denote by Q the subset of (P, Q, R) G i^ satisfying the hypotheses of Proposition 13.31 

At this point to finish the proof of Theorem 13. II it only remains to prove that £1 is a Zariski 
open set and that it is not empty. 

Step 3. The subset Q of && is a Zariski open set. 

This is simply an exercise in complex geometry. Recall from @ that X = pr\ o (/^ (g) 
/ 00 )(X_ 1 ), Y = p ri o(fl®fl)(Y„ 2 ), Z = XUY and & = {f~\Z)) f\Z, where pn (p, q) = p. 
As already observed, X, Y, Z only depend on the choice of (P, Q, R) G &d and not on the 
choice of e ^ 0. Recall that the conditions of Proposition 13.31 are 

(1) X and Y are disjoint 

(2) (/- X (J0) Z = or equivalents /~ 2 (Z) f| f£(Z) [\Z = %. 

Set 

X_! = {(p,q,(P,Q,R)) eP'xP'x^p/ g,/+(p) = /+(?)} 

\J{(P,P, (P, Q, R)) G P 1 x P 1 x J^; p is a critical point of /«,}, 

y_ 2 = {(p,g, (P,Q,fl)) G P 1 x P 1 x ^ d ; /+(p) / /+(g),/+ 2 (p) = /+ 2 (g),/oo(p) = foo(q)} 
\J{(p,p,(P,Q,R)) G P 1 x P 1 x & d - R{p) = 0}, 

and denote by $ : (p,q,(P,Q,R)) ^ (foo(p),foo(q),(P,Q,R)), X = $(f-l), Y = <*> 2 (?- 2 ) 
and Z = X \J Y. Thus Up, q, /«,(?), foo{q), (P, Q, R)); (p, q, {P, Q, R)) G X_i| is an algebraic 
subvariety of P 1 xP 1 xP 1 xP 1 x,? d as well as {(p, g, /*(p), /^(g), (P, Q, P)); (p, q, (P, Q, P)) G F_ 2 }. 
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Therefore, X, Y and Z are algebraic subvarieties in P 1 x P 1 x ^ d , and X (~)Y and <I>~ 2 (Z) n 
<& _1 (Z) n Z are algebraic subvarieties too. The complementary of is in the image of 
(inr)u ($~ 2 (Z) n fc-^Z) n z) by the projection (p,g, (P,Q,R)) H- (P,Q,R), thus it is 
a Zariski closed subset in J^. 

Step 4. The Zariski open set defined in step 3 is not empty. 

Let us show that / = [w d + az d : bw d + z d : t d + e(z d + z d ~ 1 w)] satisfies the hypotheses of 
Proposition 13.31 for almost every a, b G C small enough. We first assume \a\, \b\ > 0. 

If l\ z - w ] is a preimage of a line, the other preimages are I gaa with k G {1, ..,d — l}. For 

I G {l,..,d- l},k G {0, ..,d- 1} put 

2i(fc + i)7T 2iivr 

Zk,i = [e d -1 : 1-e d J. 
We let the reader check that X_i = {[0 : 1], [1 : 0]} and 

y_ 2 ={[ e iii ^ -1 : l- e ^];/G {1, ..,d - 1}, A; € {0, ..,d - 1}} 
= {[o : l]} UK*; i e {1, •■> d - 1}, * G {0, .., d - 1}, k + 1 + d}. 



Thus 

X ={[l:b],[a:l]}, 

Y =fl(Y^) = {f oo ([l:b])}{J{fl(z ktl );le{l,..,d-l},kG{0,..,d-l},k + l^d}. 

Suppose that a, b G C* are small and a ~ 6. 

If fc+Z = dthen^j = = [0 : 1], /oo(sfc,j) = I 1 : 6 ] and/£(z M ) = [6 d +a : 6 d+1 + l] « [a : 1], 
otherwise foo(z k ,i) ~ zj^f and f^o(z k ,i) ~ zj$. 

If fe + I 7^ d then z^ foc(zk,l) and f^o( z k,l) are far from [0 : 1], [1 : 0]. In particular, 
{fooM, fl(z kjl )} n {[0 : 1], [1 : 0], [1:6], [a :' 1], [b d + a : b d+1 + 1], [1 + a d+1 : 6 + a d ]} = 0. 
We conclude that, if a, b G C* are small and a ~ b then X and Y" are disjoint, i.e. / satisfies 
the hypothesis (Q]) of Proposition [231 To check assumption 0, write 

Z = XUY = {[l:b],[a: 1], /oo([l : 6])} |J{/^m); * + ^ 4, 
so that 

f™(Z) = {[0 : 1], [1 : 0], [1 : e^b],e^ f^z^n G N}. 

The z kj i are independent of a, b, so we can choose a, 6 so that {e <* /oo(zfc,z)} Hi/ro^fe^)} = 
0, thus /^(Z) fl Z = {[1 : &]}. Since /"^[l : b]) = {[0 : 1]} £ Z, we conclude that / satisfies 
the second assumption of Proposition 13.31 

This completes the proof of Theorem 13.11 □ 

We now prove Proposition 13.21 

Proof of Proposition^^ We first show that f = [{z — 2w) 2 : z 2 : t 2 + e(z 2 + zw)] satisfies the 
hypotheses of Proposition 13.31 The preimages of Lr a .m are L, ^ rx_ „ and L. rz, rz / —.. 

We let the reader check that X = {[0 : 1], [1 : 0]} and Y = {/«>([1 : -1]), /oo([l : 9])} = {[9 : 
1], [17 2 : 1]}, which are disjoint. 
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Thus Z = {[0 : 1], [1 : 0], [9 : 1], [17 2 : 1]} and f~\Z) = {[2 : 1], [0 : 1], [1 : 2], [1 : -1], [1 : 
9],[1 : 8]}, therefore 2 = {f£{Z))C[Z = {[0 : 1], [1 : 9]}. Finally, f-\3T) = {[2 : 1], [1 : 
2], [1 : —1]} and / satisfies the hypotheses of Proposition 13.31 

Thus, by Proposition 12.71 and 13. 3\ f has an attracting set .s/ C P 2 supporting a positive 
closed current of bidegree (1,1) which admits a bounded quasi potential. 

From the work of [FSj Lemma 2.12 and [R] corollary 4.15, the natural extension f^ of f^ 
is semi-conjugate to / restricted to sll . Since J^ = L^, f^ is topologically mixing on L^, 
thus / is topologically mixing on &/ and &/ is an attractor. □ 

4. NON ALGEBRAIC ATTRACTING SETS IN HIGHER CODIMENSION 

In this part, we will explain why the condition of being of small topological degree is not 
enough to ensure non pluripolarity in higher codimension. For this we exhibit attracting sets 
of small topological degree in P 3 (of codimension 2) which are contained in an hyperplane 
(see Theorem 14. ip . We also construct the first explicit example of a Zariski dense attracting 
set of higher codimension (see Theorem 14. 7p . 

Theorem 4.1. For a generic choice of (P, Q, R) 6 ^d, there exists £\{P, Q, R),£2(P, Q, R) > 
such that for all < |ei| < £i(P,Q,R) and < \s2\ < £2(P,Q,R), the mapping 

f : P 3 — ► P 3 

[z : w : t : u] •->■ [P(z, w) : Q(z, w) : t d + e\R(z, w) : u d + e 2 Q(z, w) - e 2 i w d ] 

is of small topological degree on an attracting set stf of dimension 1 which is contained in 
{[z : w : t : u]; u = £2w} ~ P 2 . 

In particular, stf is non algebraic nevertheless it is contained in a hyperplane. 

Remark. If / : [z : w : t] i-> [Po(z,w,t) : P\(z,w,t) : P2(z,w,t)] admits an attracting set s# 
of dimension 1 then srf = {[z : w : t : u] \ [z : w : t] £ &/, u = 0} is an attracting set for 
/ : [z : w : t : u] h- > [Pq(z, w, t) : P\(z, w, t) : Pi{z^ w, t) : u d ]. But / is not of small topological 
degree on srf even if / is of small topological degree on s# . This is why need a non-trivial 
construction in Theorem 14.11 

Proof. Denote by f\ , f'2 the maps 

/1 : [z:w:t]i-> [P(z, w) : Q(z, w) : t d + exR{z, w)\, 

/2 : [z : w : u] i-> [P(z, w) : Q(z, w) : u d + £2Q(z, w) — £ d w d ] 

and denote by U\ , U% the open sets 

U\ = {[z : w : t\; \t\ < p\ max(|z|, |w|)}, U2 = {[z : w : u]; \u — £2w\ < P2 max(|z|, \w\)}. 

First we choose (P, Q, R) in the non empty Zariski open set of J^ such that the map f\ 
satisfies the hypotheses of Proposition 13.31 and fix Ei(P,Q,R) > |ei| > small enough and 
pi > such that fi(U\) <e U\, see Step 1 of the proof of Theorem 13.11 By modifying the end 
of Step 2 of the proof of Theorem 13.11 a point in fJ(Ui) has at most d 4 preimages in fi(U\) 
under ff. 

It is clear that the hyperplane {[z : w : t : u];u = £2w} is invariant under / and we see that 
the dynamics on it is the same as that of f\. Denote by P2 = c£2, with c > 0, and 

U = {[z : w : t : u]; \t\ < p\ max(|z|, |u;|), \u — £2U)\ < P2 max(|z|, \w\)} . 
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We choose e 2 (P, Q, R) small enough such that ((1 + c) d + l)e 2 (P, Q, R) d < ce 2 (P, Q, R) and 
we will fix c later. We let the reader check that f(U) <= U and denote by &/ = f)f n (U), 
hence &/ is an attracting set of dimension 1. 

We now prove that, for a generic choice of (P, Q, R) E J^, / 6 is of small topological degree 
on /([/). 

Let us further assume that for all i E {1, .., 6} /^([l : 0]) / [1 : 0] or equivalently [1:0]^ 
/^([l : 0]) where /<» : P 1 — > P 1 is defined by /oo([z,w]) = [P(z,w) : Q(z,w)]. Arguing as 
in Step 3 of the proof of Theorem 13, 1\ we see that this condition is algebraic. To show that 
it is generically satisfied, we need to find an example. Let us give an example. We know 
by Step 4 of the proof of Theorem 13.11 that for almost every (a, b) E C 2 with |a|,|6| > 
small enough f\ : [z : w : t] >-»■ [w d + az d : bw d + z d : t d + £\{z + z x w)] satisfies the 
hypotheses of Proposition 13.31 For all (a, b) E M 2 such that a, b > 0, we have that for each 
i E N* fl([l : 0]) ^ [1 : 0], because if (z,w) ^ (0,0) are non negative real numbers then 
w + az , 6u> + z are positive. Therefore, it is a generic condition. 

Fix D a disc centered at [1 : 0] in P 1 such that for all i E {1, .., 6} /~*(D) n D = 0, fix c> 
such that if [z : w] ^ D then for each I E {1, .., d — 1} 

|e d w — w\ > 3cmax(|z|, \w\). 
This implies that if [z : w : u] E U 2 and [z : w] $ D then for each Z E {1, .., d — 1}, 

|e d u — £ 2 w\ > p 2 max(|z|, \w\), i.e. [z : w : e <* u\ f. U 2 . 



Let [z : w : n] E f 2 (U 2 ) and [z_i : tf_i] such that foo([z-i '■ W-i) = [z : w\. If [z~ 



W-i] ^ D there exists a unique U-i, such that f([z-i : u;_i : U-i\) = [z : w : u] and 
[z-x : W-i : U-x] E f 2 (U 2 ). Otherwise, if [z-i : w_i] E D there exists at most d such values 
u_i. Thus, if we fix [z^e : W-e] such that /^,([^_6 : W-e\) = [z : w], since for all i E {1, ..,6} 
/^(D) n D = 0, there exists at most one I E {0, ..,6} such that f l ([z-Q : W-e]) E D. 
So there exists at most d values u_6, such that /f([£-6 : W-q : u_6]) = [z : w : u] and 
[z_ 6 : w__ 6 : U-q] E /2(C/ 2 ). 

Let [z : w : t : u] E f 7 (U), then [z : u; : i] E fJ(Ui), so there exists at most d 4 preimages 
[z_6 : W-q : i_6] in f\(JJ\) such that /f([z_6 : w_6 : ^-6]) = [z : u; : t]. For each choice 
[z_6 : iy-6]> there exists at most d values U-q, such that /|([z_6 : ui_6 : u -6]) = \z '■ w : «] 
and [z__6 : w_6 : U-q] E f(U 2 ). Then for each choice [z_6 : w~6 : t-e] S fi{U\), there 
exists at most d values u_6, such that / 6 ([z_6 : W-q : i_6 : W-6]) = [^ : to : t : u] and 
[z_6 : W-q : t_6 : u_q] E f(U). In conclusion, a point in f 7 (U) has at most d 5 preimages 
under / 6 in f(U). Thus / 6 is of small topological degree on f(U). □ 

We now turn to the Zariski dense example of codimension 2 in P 3 . We first recall some 
results about Henon-like maps. 

Let W be an open set and D an open disc, denote by B = W x D and dtJ3> = W x dD, 
d v M = {dW) x D, iV(B) a neighbourhood of B and dt the maximum number of preimages in 
B of a point in /(B) n B. 

Definition 4.2. The map f : N(M) — > C 2 is called a horizontal-like mapping if 

(1) /(S u B)nB = 

(2) /(B) n»C d v M, 

If, furthermore, f is infective, f is said to be Henon-like. 
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See |Dul] for some proprieties of Henon-like and horizontal- like mappings. A current T is 
said to be horizontal if its support is contained in W x Di_ £ . 

Proposition 4.3. Let f be a horizontal-like map. Then there exists an integer d > 1 such that 
for every normalized horizontal positive closed current T in B, ^-f*^ ^ s norm ' a l'ized, horizontal, 
positive and closed in B. 

The integer d is called the degree of f 

Proof. See [DPS] or |DuT] . D 

Theorem 4.4. Let f be a Henon-like map in B. If T is an invariant current by ^/*, then 
the potentials of T are Holder continuous. 

Proof. This is identical to Theorem 2.12 in [Dulj . □ 

Definition 4.5. Let f be a horizontal-like map of degree d. If the number of preimages in B 
of a point in /(B) n B is strictly less than d, f is said to be of small topological degree. 

Lemma 4.6. For e small enough, there exists p such that the map 

f[z:w:t]*-> [z 2 + 0.1u> 2 : w 2 : t 2 + e(z 2 + zw)] 

is a Henon-like map on /(B) where M = {[z : w : t]; 0.8|u;| < \z\ < 1.2|u;|, |£| < pmax(|z|, |itf|)}. 
Furthermore, denoting by srf = f] f n (U p ), a point in srf n B has a unique preimage in s$ and 
this preimage is still in s/ fl B. 

Proof. Denote by U p = {[z : w : t];\t\ < pmax(\z\,\w\)}, by the above, it follows that for 
e small enough, there exists p such that f(U p ) (s U p . Denote by W = {[z : w];0.8\w\ < 
\z\ < 1.2|io|}, an easy computation shows that f^{W) (s W <s /oo(W), where foo[z : w] *-} 
[z 2 + 0.1w 2 : w 2 }. Thus / is a horizontal-like map on B. With notation as in Step 2 of Theorem 
13.11 we get that X = {[0.1 : 1], [1 : 0]} and Y = [1.31 : 1]. Reducing e if necessary, we get 
that W C A n B (see Step 2 of Theorem l3"TT|) . thus / is injective on /(B). 

As / is Henon-like on /(B), ii[z:w:t]e .c/nB then [z :w :t]e ,c/n/(B) and [z : w] E W 
thus there exists a unique \z-\ : W-\ : £_i] € £^ such that f([z~i : W-\ : £-i]) = [z : w : t]. 
Moreover, as f^(W) <s W, [z-i : ttf_i] is still in W. D 

Theorem 4.7. There exists £i,£ 2 7^ swc/i £/ia£ £/ie map 

/ : [2 : 10 : £1 : t 2 ] M- [z 2 + O.lw 2 : w 2 : t 2 + £i(z 2 + zu>) : £2 + ^(-z 2 + zw)] 
admits a Zariski dense attracting set sd close to the line \\z :w :t\ : t 2 ];t\ = 0; £2 = 0}. 

Notation 4.8. Denote by pr\,pr 2 the projection defined by pri([z : w : £1 : £2]) = [z '■ w : t±] 
and pr 2 ([z : w : t\ : t 2 ]) = [z : w : t 2 ]. 

Proof. For i = 1, 2 denote by /* the map fi : [z : w :ti]^>- [z 2 + O.lw 2 : w 2 : t 2 + £\{z 2 + zu>)] 
and by E/j = {[z : w : £j]; |£j| < pimax(\z\, \w\)}. We choose e, and /9j such that fi(U{) d ?/». 
Denote by ^ = f| /" (C/j). Denote by n the positive closed current given by Theorem 11.61 for 

/i- 

By Theorem 14.41 and Lemma 14.61 there exists 9 > such that, in any neighbourhood of a 
point in V\ = {[z : w : £i];0.8|w| < \z\ < 1.2\w\,\ti\ < pimax(\z\,\w\)}, supp(ri) C -s/i has 
Hausdorff dimension at least 2 + 9. On the other hand, J.E. Fornasss and N. Sibony [FS, Prop. 
2.17] proved that if e 2 is small enough then srf 2 has Hausdorff dimension less than 2 + |. 

Denote by U = {[z : w : £1 : £2];|£i| < Pi max(|z|, |w|), [£2! < P2 max(|z|, |io|)}, thus 
f(U) <§ U. The attracting sets srf = {Jf n (U) is of dimension 1, i.e. of codimension 2. 
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we have that pri(s/) = srf\ and pr2(&&) = =2^2, thus &/ is non algebraic. We will use the 
discrepancy between the Hausdorff dimension of srf\ and 3^2 to show that stf must be Zariski 
dense. 

Denote by (P 1 ,^) the natural extension of (P 1 ,/^) where /oo : [z : w] h-> [P(z, w) : 
Q(z, «;)], see section 3 of [R] for an introduction. Let p = [z : w] G P 1 and denote by L 
the line (resp. hyperplane) passing through [0:0:1] and [z : w : 0] (resp. [0:0:1:0], 
[0:0:0:1] and [z : u> : : 0]). We already seen that l p D t/j is a disk and its image is 
relatively compact in ^/^(p) n Ui, see Step 1 of Theorem 13. II Thus if (p- n ) G P 1 is a sequence 
of preimages of p then H n>0 /"(//£ ( p _ n ) n C/j) is a unique point in / p n ^ . Therefore, we have 
defined a continuous and onto map 7Tj : P 1 — > &/i, see [Rj Prop. 4.13] or |FS1 Lemma 2.8]. We 
have that if p_„ = [z- n : io_ n ] then 7Ti((p_ n )) = lim /"([^_ n : u;_ n : 0]). We can also define a 

continuous and onto maps ir : P 1 — > &/ by replacing disks by balls in the previous argument. 
We have the three commutative diagrams : 



U 



U 




As fi is Henon-like on fi(Vi), 7Tj restricted to ir i (Vi n ^) is a bijection, thus there is a 
bijection <£ : ^PlV^ — >• s/iC\Vi. Let [a : /? : 72] G ^2 and (p_ n ) G P 1 the unique sequence such 
that [a : j3 : 72] = 7T2((p_ n )) = lim /^([z-n : W- n : 0]). Thus there exists a unique point in the 

intersection s/Dpr^ ([a : j3 : 72]), because if (q- n ) G P 1 such that pr2(Tr((p- n ))) = [a : P '■ 72] 
then [a : /3 : 72] = 7r 2 ((g_ n )). As </?([a : /3 : 72]) = 7ri((p_ n )) = pn{^{(p-n))), we have that : 



(10) V[a : /3 : 72] £^n V 2 , Btyi : [a : /3 : 71 : 72] G ^ and ip([a : /3 : 72]) = [a : : 71]. 

In other words, y([a : /3 : 72]) is the image by pn of the unique point in the intersection of 
s>/ and pr^ ([a : /3 : 72] ) . 

Suppose that the Zariski closure of =2/ is an hypersurface M. As pr2(&^) = =2^2 is non 
algebraic, M cannot be the union of hyperplane passing through [0:0:0:1] 

Let [a : j3] G {[z : w];0.8|w| < |z| < 1.2|u)|} and [a : f3 : 71 : 72] G =fz/, such that there 
exists an open neighbourhood N of [a : f3 : 72] include in V2 such that M n pr^" (A r ) is 
a biholomorphic copy of N. As iVfl -i^2 is of Hausdorff dimension less than 2+2, &f C\ 
P r 2 (N) C M flpr^ (iV) is of Hausdorff dimension less than 2 + |. As pn is Lipschitz, 
pri (=2/ n pr^" (A r )) is of Hausdorff dimension less than 2 + §. Moreover, pri(pr^" (AQ) is open 
and pr\{srf Hpr^ (A)) = pr\{v r 2 (A)) n &f\, thus pr\{srf P\pr^ (A)) must be of Hausdorff 
dimension at least 2 + 9. We have a contradiction. 

Therefore, sd is Zariski dense in P 3 . □ 

Remark. For each n G N the point [1 : 0] has multiplicity 2 n for /£, thus / is not of small 
topological degree on si '. 



5. Further results and open problems 
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5.1. A simpler version of Proposition [3731 The original generic condition that we had in 
mind for small topological degree map on an attracting set (Proposition I3.3[ ) was somewhat 
simpler. Unfortunately, we were only able to find corresponding examples in degree 2. 

Indeed, Condition [2] of Proposition 13.31 can be replaced by the algebraic condition 

H. f~ 1 {z)nz = %. 

It is clear from the proof of Proposition 13.31 that this implies that for all \e\ > small enough 
there exists p such that f 2 is of small topological degree on f(U p ). 

Example 5.1. The map / = [w 2 + az 2 : bw 2 + z 2 : t 2 + e(z 2 + 2zw + w 2 )] satisfies the 
hypothesis [T] of the Proposition 13.31 and 121 for almost every (a, b) G C 2 . In fact, we have that 
X_i = {[0 : 1], [1 : 0]} thus X = {[I : b], [a : 1]} and Y_ 2 = {[i ■ 1], [i ■ -1], [1 : -1]} thus 

Y = fl(Y_ 2 ) = {[(l+b) 2 +a(l+a) 2 : 6(6+l) 2 +(l+a) 2 ], [(fe-l) 2 +a(l-a) 2 : 6(6-l) 2 +(l-a) 2 ]}. 

Therefore, for almost every (a, b) G C 2 , X and Y are disjoint, i.e. / satisfies the hypothesis 
U of ESI and as Z = X U Y 

Z = {\\: b], [a : 1], [(l+6) 2 +a(l+a) 2 : 6(6+l) 2 + (l+a) 2 ], [(6-l) 2 +a(l-a) 2 : 6(6-l) 2 + (l-a) 2 ]} 

and 

f~\X U Y) = {[0 : 1], [1 : 0], [1 + o : b + 1], [1 - a : b- 1], [1 + a : -b - 1], [1 - a : -b + 1]}, 

for almost every (a, b) £ C 2 , we have that /^(Z) n Z = {/^(X U Y)) f)(XUY) = ®, thus 
/ satisfies the condition [2J. 

5.2. Generalisation of Theorem I3TT1 to higher dimension. To extend Theorem 13.11 to 
higher dimension, we consider the family of endomorphisms of P of the form 

f :[z : .. : z k ] H> [Po(z : .. : z k -i) ■ ■■ ■ Pk-l(zo ■ ■■ ■ Zfc-l) : 4 + eP k (z : .. : z k -i)], 

where Po, .., P k are homogeneous polynomials of degree d > 2 such that (0, .., 0) is the single 
common zero of Pq, ..,P/--i. Let U p = {[zo : .. : Zk]', \zk\ < P m ax(|2;o|) ••) |^fe|)}> then if e, p are 
small enough we have that f(U p ) <s U p . Denote by 

foo ■ [zo ■ ■■ ■ Zk-l] ^ [Po(zo : •• : z k -i) ■ ■■ ■ Pk~i(z ■ •• : z k -i)], 

/+ : [z : .. : z k -i] ^ [Pq(zo : .. : z k -x) ■ ■■ ■ P k -i(zo : •• : z k -i) ■ eP k (z : .. : z k -i)]- 
We define Y as before Proposition 13.31 and 

X = {p G P fe - X | card{/+(p_i) |p_i G f^( P )} < d k - 2 } . 

These are algebraic set of P fc_1 . Moreover, for a generic choice of Po,..,P k , the set Y is of 
codimension 1 and X is of dimension 0. We may replace the conditions of Proposition 13.31 by 

(1) xnY = H), 

(2) and (fJ k - 1] (X U Y)) f] .. f] (f^(X U Y)) f](X U Y) = 0. 



Following the idea of the proof of Proposition 13.31 we show that this implies that f k is 
of small topological degree on f(U p ). Therefore, we get a Zariski open set Q of mappings 
asymptotically of small topological degree on attracting sets in P . Nevertheless, it is unclear 
how to find explicit examples of parameters in £1 to ensure that it is not empty. 



20 SANDRINE DAURAT 

5.3. Non-pluripolar attracting sets with unbounded potentials. The last remark 
around Theorem 13.11 is that it is not necessary to be of small topological degree "every- 
where" on an attracting set in order for it to be non pluripolar. Furthermore, there exists 
non-pluripolar attracting sets that cannot support a current of bidegree (1,1) of mass 1 with 
a bounded quasi-potential. 

Let / be an endomorphism of the form 

(11) f([z :w:t]) = [w d P (-) :w d :t d + eR(z, w)] 

where P is a polynomial of degree d and R is a homogeneous polynomial of degree d. In 
particular, it is of the form ([3]). On the other hand, / is not asymptotically of small topological 
degree and the attracting current r has a unbounded quasi-potential because f (hi-.o]) = 
{/[i : o]}) hence stf n /[ 1;0 ] is reduced to a point. 

Nevertheless, there exists a bidisk of the form {[z : w : £]; \z\ < R\w\, \t\ < pmax(\z\, \w\)} 
where / is horizontal-like. Moreover, we can adapt the proof of Theorem 13.11 to arrange 
that this horizontal-like map is of small topological degree. For this, we replace the generic 
conditions of Proposition 13.31 by the following : 

(i) xnY = 

(2) and f~ 2 (Z) n f~\Z) n Z = {[1 : 0]}, with Z = X U Y. 

These properties are clearly satisfied outside some algebraic set and it can be shown that 
for c^O small enough, / = [w d + cz d : w d : t d + e(z d + z d ~ 1 w)] satisfies these conditions. 

Finally, we adapt the proof of Theorem 12.71 to horizontal-like maps using the canonical 
potential. We recall that it is defined as follows (sec [DDS] for details). If S is a horizontal 
current, i.e. with support in D x Di_ e , its canonical potential is defined by 



us(z,w) = / log \w — s\ dm z (w) 

J{z}xD 

with m z = S A [{z} x D]. Thus we finally get : 

Theorem 5.2. Iff is of the form (|11|) . then for a generic choice of P, R there exists e(P, R) > 
such that if e(P,R) > \e\ > then f admits a non pluripolar attracting set. 

5.4. Other open questions. There are still two questions left related to Theorem 12.71 

• In the light of Theorem l4.H it would be interesting to find the right hypothesis ensuring 
non pluripolarity of attracting set in higher codimension. 

• Does an attracting set of codimension 1 support a current with continuous quasi- 
potential ? Can we prove the convergence of the quasi-potentials ? 

References 

[BDM] A. Bonifant, M. Dabija, J. Milnor ; Elliptic curves as attractors in P 2 . /. Dynamics. Experiment. 
Math. 16 (2007), no. 4, 385-420. 

[BD] J.-Y. Briend; J. Duval Deux caracterisations de la mesure d'equilibre d'un endomorphisme de P fe (C). 

Publ. Math. Inst. Hautes Etudes Sci. No. 93 (2001), 145-159. 

[De] J. P. Demailly Complex analytic and differential geometry. Free access at 



I http://www-fourier.ujf-grenoble.fr/~demailly/books.html ) 



ON THE SIZE OF ATTRACTORS IN P fc 21 

[DDG1] J. Diller, R. Dujardin, V. Guedj ; Dynamics of meromorphic maps with small topological degree I: 
from cohomology to currents. Indiana Univ. Math. J. 59 (2010), no. 2, 521-561. 

[DDG2] J. Diller, R. Dujardin, V. Guedj ; Dynamics of meromorphic mappings with small topological degree 
II: Energy and invariant measure. Comment. Math. Helv. 86 (2011), no. 2, 277-316. 

[DDG3] J. Diller, R. Dujardin, V. Guedj ; Dynamics of meromorphic maps with small topological degree III: 
geometric currents and ergodic theory. Ann. Sci. Ec. Norm. Super. (4) 43 (2010), no. 2, 235-278. 

[Di] T.C. Dinh ; Attracting current and equilibrium measure for attractors on P fe . J. Geom. Anal. 17 

(2007), no. 2, 227-244. 

[DDS] T.C. Dinh ; R. Dujardin ; N. Sibony ; On the dynamics near infinity of some polynomial mappings 
in C 2 . Math. Ann. 333 (2005), no. 4, 703-739. 

[DiS] T.C. Dinh ; N. Sibony Dynamics in several complex variables: endomorphisms of projective spaces 
and polynomial-like mappings. Holomorphic dynamical systems, 165-294, Lecture Notes in Math., 
1998, Springer, Berlin, 2010. 

[Dul] R. Dujardin ; Henon-like mappings. Amer. J. Math. 126 (2004), no. 2, 439-472. 

[Du2] R. Dujardin ; Fatou directions along the Julia set for endomorphisms of Cf k . J. Math. Pures Appl. 
(9) 98 (2012), no. 6, 591-615. 

[Fa] N. Fakhruddin ; The algebraic dynamics of generic endomorphisms of P™. Preprint, 

arxiv.org/abs/1211.7198 

[FS II] J.E. Fornaess ; N. Sibony ; Complex dynamics in higher dimension. II. Modern methods in complex 
analysis (Princeton, NJ, 1992), 135-182, Ann. of Math. Stud., 137, Princeton Univ. Press, Princeton, 
NJ, 1995. 

[FS] J.E. Fornaess ; N. Sibony ; Dynamics of P 2 (examples). Laminations and foliations in dynamics, 

geometry and topology (Stony Brook, NY, 1998), 47-85, Contemp. Math., 269, Amer. Math. Soc, 
Providence, RI, 2001. 

[FW] J.E. Fornaess ; B. Weickert ; Attractors in P 2 . Several complex variables (Berkeley, CA, 1995-1996), 
297-307, Math. Sci. Res. Inst. Publ., 37, Cambridge Univ. Press, Cambridge, 1999. 

[JW] M. Jonsson ; B. Weickert ; A nonalgebraic attractor in P 2 . Proc. Amer. Math. Soc. 128 (2000), no. 

10, 2999-3002. 

[H] Hormander ; Notion of convexity. Progress in Mathematics, 127. Birkhauser Boston, Inc., Boston, 

MA, 1994. viii+414 pp. 

[R] F. Rong ; Non-algebraic attractors on P fe . Discrete Contin. Dyn. Syst. 32 (2012), no. 3, 977-989. 

[T] J. Tallin ; Speed of convergence towards attracting sets for endomorphisms of f k . to appear in 

Indiana Univ. Math. Journal. 



